The loss of orbital energy and angular momentum to gravitational waves produced in a binary inspiral forces the orbital eccentricity to evolve. For comparablemass binaries, the eccentricity is thought to decrease monotonically in the inspiral, circularizing the binary. Contrary to this, we here show that, once the eccentricity is small enough, radiation reaction forces the eccentricity to grow secularly before the binary reaches the last stable orbit and merges. We explore this behavior, its physical consequences, and its potential impact on future gravitational wave observations.
changes in the orbital dynamics on timescales much longer than the orbital timescale, one then averages the gravitational wave fluxes over the orbital timescale (22) before solving the balance law.
A more accurate picture of the inspiral and coalescence of binary systems can be obtained through the radiation-reaction force, i.e. the force derived from the emission of gravitational waves that forces the orbit to decay. At leading PN order, the relative acceleration between two bodies is a = f N + f 2.5PN , where f N = −(GM/r 2 ) n is the Newtonian gravitational force with M the total mass of the binary, and (r, n) the radial separation between the two bodies and its associated unit vector. The second term in the relative acceleration equation presented above is the leading PN order, radiation-reaction force, given explicitly in Eqs. (12.221)-(12.222) of (23) .
Using the method of osculating orbits (23, 24) , this equation can be solved perturbatively by allowing the usual constants of the Kepler problem (such as the orbital energy and angular momentum) to evolve in time on a radiation-reaction timescale. The differential equations governing the evolution of the orbital element are given explicitly in Eqs. (12.223)-(12.224) of (23) . The two-body problem then reduces to simultaneously solving the relative acceleration equation and the evolution equations for the orbital elements.
Although these two methods to describe radiation reaction are distinct, they agree upon orbit averaging the latter, exhibiting the same secular changes to the orbit. The second method, however, allows us to also study the effects of radiation reaction on an orbital timescale, which lead to oscillatory modifications that vanish upon orbit-averaging. To illustrate this, Fig. 1 presents the temporal evolution of the orbital eccentricity calculated by numerically integrating the radiation-reaction equations given by the osculating orbits method (black line) and the orbit averaged approximation (red dashed line) for an equal-mass binary and a binary with mass ratio of m 2 /m 1 ≈ 0.127. In all cases, we use the initial conditions (p 0 , e 0 , ω 0 , f 0 ) = (20GM/c 2 , 10 −2 , π, −π), where p is the semi-latus rectum, e is the orbital eccentricity, ω is the longitude of pericenter, and f is the true anomaly, stopping the integrations when the system reaches the last stable orbit for a non-spinning test-particle p = (2GM/c 2 )(3 + e).
The evolution in the osculating method displays oscillatory behavior on the orbital timescale, while initially its secular change agrees with the orbit-averaged approximation. However, later in the evolution, roughly when the binary's semi-latus rectum is p ≈ 10-15M , corresponding to p ≈ 10 3 km for a binary with total mass M = 60M , the osculating method produces a strong secular growth in the eccentricity, which is opposite to what one obtains in the orbitaveraged approximation for comparable-mass binaries. This behavior seems counterintuitive for comparable-mass binaries, especially considering the wealth of literature on radiation re-action in the PN formalism, in which the eccentricity is always decreasing. However, it is important to remember that PN results are always computed within the orbit-averaged approximation. The radiation-reaction force is capturing effects beyond oscillatory behavior that are not described in the orbit-averaged approximation.
To better understand this behavior, we consider a multiple scale analysis (24) (25) (26) (27) (28) of the leading PN order, radiation-reaction equations, following (23) . This analysis is valid provided T orb T RR , where T RR = |p/(dp/dt)| is the radiation reaction timescale and T orb is the orbital timescale or simply the period of the orbit. Instead of using the variables (p, e, ω, t) with f the dependent variable, we choose to work with (p, A x , A y , t), where (A x , A y ) = (e cosω, e sinω)
are the components of the Runge-Lenz vector, and with the orbital phase φ = f + ω as the dependent variable. Working with these variables has the advantage of removing the e −1 divergences in (dω/df ) and (dt/df ), as can be see in Eqs. (12.223c) and (12.224) of (23) . With these variables, the Newtonian eccentricity can be easily reconstructed from e = (A
Let us then define a few dimensionless parameters to simplify the evolution system. We let
ric mass ratio of the binary with component masses m 1 and m 2 , and p = M a representative length scale of the system. The osculating equations then become dp dφ
where the k-coefficients are φ-independent but do depend on the components of the Runge-Lenz vector and two gauge parameters (a, b). Some common choices for the latter are the DamourDeruelle gauge (29) (a, b) = (−2/3, 4/9), the Schäfer gauge (30) (a, b) = (−2/5, 0), and the Burke-Thorne gauge (31-34) (a, b) = (0, 0). The evolution equations above do depend on the gauge choice, but this gauge-dependence is unimportant when computing observable quantities.
We have explored, both numerically and analytically, how these gauge parameters impact the secular growth described here, and we have found that there is not enough gauge freedom to remove this effect.
With this dimensionless evolution system at hand, we now carry out a multiple scale analysis by defining a "fast" variable φ and a "slow" variableφ, i.e.φ = φ with 1 the small parameter defined above, seeking solutions of the form
which we solve order by order by first splitting the solution into a secular and an oscillatory
which simply states that the orbital elements are constants on conservative Keplerian ellipses.
We then use that µ a 1 and F a are periodic in φ to orbit average Eq. (4), integrating out any oscillatory effects, which then yields a differential equation for µ a 0,sec that we can solve.
The procedure described above can be taken systematically to any order in by keeping higher-order terms in the expansion and using the lower-order in solutions. To leading order in , the secular evolution of the orbital elements µ a 0,sec is governed by dp 0 dφ
laws to the gravitational wave fluxes, and moreover, it is independent of the gauge parameters (a, b). Equations (7)- (8) can be combined with the definition of the eccentricity in terms of the norm of the Runge-Lenz vector to obtain the leading-order secular change of the orbital eccentricity, i.e. to obtain the classic result by Peters (35) provide the full expressions here as they are rather lengthy and unilluminating.
We are here specifically interested in the evolution of the orbital eccentricity. Expanding its definition in terms of the norm of the Runge-Lenz vector, we find The secular growth of eccentricity has been observed in two other scenarios:
(i) Extreme mass ratio inspirals (EMRIs) and self-force calculations (39) (40) (41) , and
(ii) Comparable-mass inspirals in the PN formalism of Lincoln & Will (27) .
The secular growth we found here, however, is not the same as either of these two other phenomena previously observed. Regarding (i), the EMRI analysis employed orbit-averaged radiationreaction to evolve the inspiral, and as we explain here, the secular growth we observed vanishes identically with orbit averaging. In the language of EMRI self-force calculations, the effect we find is from the conservative self-force. Furthermore, the growth in eccentricity in the EMRI case scales as eη and occurs very close to the ISCO, while the growth we see scales as e 0 η 2 , and becomes important well before the ISCO is reached for comparable mass systems. Regard- (10) where p in = p(φ = 0) is the initial semi-latus rectum and we set p = M . For the systems we consider in Fig. 1 , these correspond to p crit = 13.12 for the equal mass case and p crit = 10.48
for η = 1/10, which is exactly where this occurs in Fig. 1 . If the critical separation is smaller than the separation at the last stable orbit, then the secular growth will not occur in the inspiral phase. There is therefore a separatrix in the initial separation that defines where secular growth occurs in the inspiral, specifically 
when we set p = M . Figure 4 shows this separatrix for different symmetric mass ratio, where the shaded regions correspond to areas where secular growth occurs. Observe that if the mass ratio is sufficiently small, or the initial eccentricity is sufficiently large, the growth does not occur before the last stable orbit.
The secular growth discovered here is not an artifact of the multiple scale expansion or an artifact of the PN approximation. Our multiple scale analysis is valid when the ratio of the timescale is less than the value of the expansion parameter, i.e. T orb /T RR . We have verified numerically that this inequality is satisfied in the entire domain for the systems in Fig. 1, reaching corrections to the relative acceleration equation, namely f 1PN and f 3.5PN (36) . When including these higher PN order terms and numerically solving the evolution equations within the framework of osculating orbits, we still find the same secular growth in the eccentricity at late times, with the PN corrections only introducing a small modification.
The implications of the secular growth are important both from a fundamental physical and mathematical standpoint, as well as from an observational standpoint. Physically and mathematically, the idea of a circular or a quasi-circular orbit is a fiction. If we start with a circular orbit, e 0 = 0, the orbit will not remain circular through the late inspiral, and the eccentricity will grow secularly, as can be seen in Fig. 2 . This figure shows evolutions for the same systems as those presented in Fig. 1 , only starting with zero initial eccentricity, e 0 = 0 to double-precision.
This secular growth is in stark contrast to what one would infer using the orbit-averaged approximation, where the orbit remains circular all throughout the inspiral, and the coalescence is said to be "quasi-circular." Currently, full numerical relativity simulations made by the Simulating Extreme Spacetimes (37) collaboration may have enough resolution to confirm the secular growth, although its existence in those simulations has not yet been verified. All statements about the non-existence of circular orbits made here are absolutely distinct from the astrophysical idea that complicated stellar dynamics in galaxies perturb a binary's evolution away from circularity; our results indicate that, even in complete isolation, binary systems cannot remain circular in the late inspiral.
From an observational standpoint, our results have an impact on the extraction of the eccentricity from future gravitational wave signals. The gravitational wave observations made by the advanced LIGO and Virgo detectors have not yet been sensitive enough to allow for a measurement of the eccentricity. But as these detectors are improved to achieve design sensitivity and third-generation detectors are built, a measurement of the orbital eccentricity will become a reality. The inclusion of the secular growth of the eccentricity in waveform models for parameter estimation studies may enhance our ability to measure the eccentricity. Such an inclusion is now possible thanks to the analysis carried out in this paper, which then also allows for a detailed data analysis investigation of the accuracy to which eccentricity could be measured by future detectors. These ideas will constitute the basis of future studies.
In summary, we have discovered that compact binaries cannot actually fully circularize, reaching zero eccentricity, and in fact, their eccentricity grows secularly in the late inspiral before coalescence. This result arises from non-linear effects in the radiation-reaction force that cannot be captured through an orbit-averaged treatment. A numerical analysis and an analytical (multiple scale) analysis, however, clearly reveal that these non-linear effects are present in the late evolution of binaries. Moreover, this result is robust against including both higher-order corrections in multiple scale analysis and higher PN order corrections to the radiation reaction force. The impact of this result is two fold. From a physical standpoint, the result implies there is not such thing as a circular binary even when considering the binary in isolation. From an observational standpoint, the secular growth in the eccentricity may enhance the ability of grav-itational wave detectors to measure the orbital eccentricity of binary systems and determine the precise formation channel of massive binary black holes. As detectors become more sensitive, the inclusion of this eccentric behavior in analytic waveform models will become increasingly important. 
